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C^l ■ Abstract 

^ ■ We consider the Laplacian operator Hq = —A perturbed by a non-positive potential V , which 

I is periodic in two directions, and decays in the remaining one. We are interested in the charac- 
terization and decay properties of the guided states, defined as the eigenfunctions of the reduced 

(N- operators in the Bloch-Floquet-Gelfand transform of Ho ~\-V in the periodic variables. If V is suf- 

. ficiently small and decreases fast enough in the infinite direction, we prove that, generically, these 

■ guided states are characterized by quasi-momenta belonging to some one-dimensional compact real 
' analytic submanifold of the Brillouin zone. Moreover they decay faster than any polynomial func- 
, tion in the infinite direction. 

^■ 
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CX5 ! 1 Introduction 

oo- 

I A better understanding of the mechanisms of radio wave propagation in complex environments is 

required for the development of efficient wireless communication systems. This can be achieved by 

■ investigating the corresponding Maxwell equations where the source is a time periodic current density 
localized in the wires feeding the antenna, i{t,x) = e~'"*zo(a;) , with frequency w > 0. Of course 
these equations can not be solved explicitely in a rich scattering environment but they are the source 
of interesting mathematical problems. However there is only a very few number of theoretical results 
available describing radio waves in "realistic" propagation media. In the particular case of a periodic 
environment (for simplicity the medium is assumed to be periodic in, say, two out of the three directions, 

'^{J] ■ in order to model an idealized infinitely extended building) the problem is to determine the steady- 

5^ . state solutions u{x,t) = e~"^*Mo(a:) associated to the solution uq to the equation {H — fco)uo — «o- 

Here H denotes the selfadjoint Maxwell operator under study and ko = ut/c, where c is the celerity of 
the propagation medium. If ig is nonzero and kg is a nonnegative number, it turns out that there is 
no Mo satisfying the above equation in L^(M'^) in the general case. A potential outgoing solution can 
nevertheless be defined from the limit of the resolvent operator {H — /cq =F ie)^^io as e 4- 0. Similar 
problems have been studied in various contexts, in [20] for both acoustic and electromagnetic waves, in 
[9] I [in], [II]-[l2] and for the Schrodinger equation, and in [13] for the Maxwell equations. 
The study carried out this article has some connection with [3] , [4] and [5] . Actually, the model we had 
in mind when starting this work was inspired from [6|, where numerous numerical simulations of the 
scattering of electromagnetic waves in an infinitely extended and periodic building in two orthogonal 
directions are performed. However, in order to avoid numerous technical difficulties appearing in the 
treatment of the Maxwell operator, we consider in this paper the Schrodinger equation rather than the 
Maxwell equations. 
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The method used in [5], [TU], [13] > [H] and [50] takes advantage of the periodicity of the system 

to decompose the corresponding partial differential operator H into a direct integral Jg i?(k^)dkf , where 
B is the Brillouin zone and k^ denotes the quasi-momentum associated to the Bloch-Floquet-Gelfand 
transform. In all the above mentioned papers, a Limiting Absorption Principle (LAP for short) for either 
H or H(kg), k^ g B, is established in order to derive absolutely continuous properties of the spectrum. 
Convenient assumptions made on the periodic potential function V describing the physical properties of 
the model under study then guarantee that the operator T{ki, EzLie) — V {H (kg) — E^ie)~^ is compact 
for all ki E B and e > 0. Here E is /cq in the case of the Maxwell equation while E denotes the energy 
of the system for the Schrodinger equation. The next step of the proof involves relating the LAP to the 
existence of lim^^o /g ^^^.^'j^^j dk^ for suitable functions /, where h{E ± ie, k^) denotes the Fredholm 
determinant of r(k£,i?±i£). This indicates that the derivation of a LAP for these models is intricately 
tied to the characterization of C{E) = {kg G B, /i(k£,£') = 0} (the so-called Fermi variety in 17 , by 
analogy to a similar -but slightly different- quantity in solid state physics) which is generally a rather 
non trivial problem. The alternative to investigating the structure of C{E) in the process of establishing 
a LAP, is to assume exponential decay for V in the transversal (i.e. non periodic) direction, see [TT|-|12j. 
[13j , [14] . Furthermore the resolvent can be extended to a meromorphic function on the half lower or 
upper planes in this framework. In this paper we develop a completely different approach based on the 
actual characterization of C{E), which turns out to be a real analytic manifold. The key advantage is 
that C{E) is thus parametrizable. Based on standard computations, involving an appropriate change 
of variables in the above mentioned integrals when k^ is in a neighborhood ofC{E), this would allow us 
to derive a LAP for external potentials decreasing polynomially fast in the transversal direction. For 
the sake of brevity we shall nevertheless not mention the details of the related proof here. 
Another benefit of determining the underlying structure of C{E) is a better characterization of guided 
states occuring in this system, i.e. of the eigenfunctions of -ff (k^) with energy E, for some kf e B. 
Indeed we prove in this framework that guided states correspond to quasi-momenta k^ satisfying either 
kg e C{E) or jk^l = E^^^. The terminology used here is justified by the fact that these eigenfunctions 
exhibit decay properties in the transversal direction. This will be made precise for both kg £ C{E) 
and \kg\ = E^/'^, although the existence of guided states is only guaranteed for kg G C{E) in the 
general framework examined in this article. Nevertheless, the non existence of guided states associated 
to \kg\ — E^/"^ can be proven for a wide class of suitable periodic potential functions V we shall 
fully describe. In this specific case, the guided states of the corresponding Hamiltonian are therefore 
characterized by quasi-momenta kg S C{E). Notice that the terminology used in both mathematics and 
physics literature to classify waves depends quite strongly on the authors and the scientific communities 
they belong to. As a matter of fact the term "surface state" is employed in [3], [5] and [20], while "guided 
wave" is used in [21], and [2] refers to both "surface" and "guided" waves, depending upon the context. 



1.1 Settings and notations 

Let a2, as be two independent vectors in generating a lattice C :— J2j=2 3 ^^i- define the basic 
period cell (or Seitz zone) as 

S := M.'^/C = < e R^ X£ = ^ SjSij, -1/2 < s^- < 1/2 I . (1.1) 

[ J=2,3 J 

Similarly, the dual basis b2, ba being defined by 

(b„a,) = (2^)5,j, z,j = 2,3, (1.2) 
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where (., .) stands for the usual Euchdian scalar product in M^, the basic period cell for the dual basis 
{bi,b2} (or Brillouin zone) is 

B:= ^ke£ R^ = ^^/^ < ^ 1/2 [• • (1-3) 

i=2,3 

Evidently B = M.'^/C'^ where := J2j=2 3 is the reciprocal lattice. 
For the sake of simplicity we assume in what follows that 

(a2,a3) = 0, 

and hence 

b, =.27r^, .7 = 2,3. (1.4) 

Let be a real-valued function on M'^ obeying 

y(xi,X£ + aj) = V{xi,Xi), xi G M, = (2:2, xg) G M^ j = 2,3, (1.5) 

plus some technical additional conditions that will be mentioned further. We are interested in the 

spectral properties of the self- adjoint realization of the operator — A + V acting in L^(K^). 

For all G we consider the operator i7o(k^) := — A in T-L L^(R x 5), with the boundary conditions 

</?(xi,x, + aj) =e'<''^''^^V(a:^i,X£), ^^(^(xi, x, + a^) = e'<''^^'^^>5j^(a;i, x,), j = 2,3, (1.6) 

for all xi G M and x^, with x^ and X£ + a^ in 55, the notation dj being understood as the derivative 
w.r.t. the coordinate Sj such that x^ = X]j=2 3 ^j^j- domain is 

dom i7o(k£) = {(^ G H2(M x S) fulfilling (dH)} (1.7) 
where H^(R x S) denotes the usual second order Sobolev space. 

Let us now consider the Bloch-Floquet-Gelfand transform U : /® Hdlc^, defined on C^(R3) 

by 

(Z^^)(k,,xi,x,) \B\-^'^ J2 e~'<''^^^'V(a;i,x^ + R,) (1.8) 

Re&C 

and extended as a unitary operator on L^(]R'^). 

In light of (HH]) and the identity UL'^(R^) = /® Hdk^, it turns out that 

ll{-A + V)U-'= iJ(k,)dk,, (1.9) 
where i/(k^) := iJo(k£) -I- V acts in 

Let p(i?o(kf)) be the resolvent set of HoCk^), and (T(i7o(kf)) denote its spectrum. For all G B, 
let i?o(k£,z) := (Hoiki) - z)-i, z G p{Ho{ki)) := C\a(i/o(k^)), and i?(k,,z) := (if(k,) - z)-i, 
2; G /9(iJ(kf)), be the resolvent operators associated to iJo(kf) and iJ(k^) respectively. For all z G 
p{Hoiki)) n p{H{ki,)) we have 

|F|i/2i?o(k,, z) = (1 + e|Fr/^i?o(k^ z)|Fr/^)|Fr/^i?(k,, z), (1.10) 

by combining the first resolvent equation _R(kf,z) = R^iki^z) — R^iki, z)V Riki^ z)^ with the obvious 
decomposition V = e\V\^l'^\V\^l'^ , e(x) being the sign of T^(x), x := (xi,Xf) G M x 5. Henceforth 

i?(k£, z) = i?o(k,, z) - i?o(k,, z)e|V^|i/2(l + e|F|i/2^o(k^, z)\V\^'^)-^\V\^'^ R^{kt, z), (1.11) 
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provided 1 + e|V^|^^'^i?o(k£, is boundedly invertible. 

For the sake of simplicity we assurae that ^(x) := —gW{x.)^ for x e K x 5, some coupling constant 
g £ (0, +oo) and some potential W{x) > 0. Hence we have 

Rg(k,, z) := i?(k,, z) = Ro(ke,z) + gRo{ke, z)W{l - gTu,{z))-'WRo(ke, z), (1.12) 

from (|1.11[) . where 

Tu,{z):=WRo(Mi,z)W, (1.13) 
is the integral operator in H with kernel (see [l4] ) 

i^z-|Kf+k<!|2|a:i-ai| 

7k.(x,y,z):=i/3Ty(x)W^(y) ^ / . ^ e^^'^'+'^''-^-y^\ (1.14) 

with 



the sign of the imaginary part of the square root of any complex number being chosen nonnegative. 
In p. 141) and in what follows, jk^j denotes the Euclidian norm of k^ £ R^, i.e. jk^p = J2j=2 3^] ^'-'^ 
= (fc2, fcs)- 

1.2 Statement of the main results 

In this paper we essentially aim for examining the existence of guided states generated by a perturbation 
of the form ~gW^ for g > 0. Borrowing the usual definition from [21], a guided state for the energy 
E is any nonzero function u £ H satisfying the identity H{]ii)u = Eu for some k^ £ B. As follows 
from (|1.12p . the problem of the existence of guided states in this system is thus tied to the one of the 
invertibility of the family of operators {1 — gTi^^{E)}i^^^B in i?(L^(M x Sj). 
As a matter of fact, we shall consider in this framework energies E £ {0,Es), 5 > 0, where 

TT^ 1 

Es — ^ min [a^ T^ ^ — — — min |bjf . (1.16) 

l + (5j=2,3' ■" 4(1 + (5) j=2,3 ' 

The main result of this article is the following actual characterization of the subset 

Cg{E) := {ke £ B, \ke\^ ^ E and 1 - gTi,,{E) is singular}, 
for g sufficiently small. 

Theorem 1.1. Let 6 > 0, E £ {0,Es) , and let W £ L°°(M x S) satisfy 

T^(xi,x,) = O ( (i^|^^]^(3+.)/2 ) /-"^ '"^^ ^ > 0- (1-17) 

Then there exists go — go('5, W) > such that for all g £ {0,go), the set Cg{E) is a one- dimensional 
compact real analytic manifold contained in an annulus VLg (E) centered at the origin, with smaller and 
bigger radius of size E^^^ + c±g'^ , the two constants c± > being independent of g. Namely, Cg{E) is 
a closed and simple (i.e. with no double point) curve which is not homotopic to a point in Q.g{E). 

Theorem 11.11 allows for a better characterization of guided states occuring in this system. This can be 
seen from the coming result, which, first, establishes a link between Cg(E) and potential guided states, 
and, second, describes their rate of decay in the orthogonal direction to the periodic "longitudinal" 
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plane carrying X£. Its statement actually involves the following family of "weighted" subspaces of 



Although these functional spaces are not the sharpest ones required for the following claim to hold, 
their use in this framework is justified by the fact that they allow for a more simple derivation of the 
result. 

Theorem 1.2. Let E, go and W be the same as in Theorem Then for every g £ (0,170)7 any 

guided state with energy E belongs to HmGN'Hm; and is associated to a quasi- momentum verifying 
either k<i e Cg{E) or |k^| = E-^^^ . Moreover, for each k^ g Cg{E), there exists at least one guided state 
with energy E associated to k^. 

Although the existence of guided states associated to quasi- momenta k^ satisfying |kf | = E'^^^ cannot 
be ruled out in the general situation examined in Theorem 11.21 this is no longer the case when the 
potential function W is sufficiently smooth w.r.t. x^, and vanishes in a half-space parallel to the 
longitudinal direction. This and Theorem 11.21 entails the following: 

Corollary 1.1. Let E and W be as in Theorem ] 1.1[ and assume moreover that : 

(i) xg f-7> VK(xi,x^) e C^(5) for a.e. xi G M, and vanishes in a neighborhood of the boundary dS ; 

(ii) W{xi,ii.i) — for a.e. (a;i,Xf) G / x 5, where I is any unbounded subinterval ofM.. 

Then there exists go > such that for all g G (0,go); the quasi-momentum k^ of any guided state with 
energy E, belongs to Cg{E). 

Actually, this result can be generalized, at the expense of greater technical difficulties, to a wider class 
of potentials W than the one considered in this statement. 

Notice that the generality of the results of Theorems 11.1111.21 and Corollary 11.11 is not substantially 
restricted by the assumption EG {0,Es). Indeed this purely technical hypothesis allows for a clearer 
statement (see Remark 1 2. II) and it can be checked from the following sections of this paper that these 
claims, subject to slight modifications, remain essentially true when dealing with E outside {Q,Es). 



The contents of this paper is as follows. In Section [51 we collect basic properties of the Hilbert-Schmidt 
operators rk^(-E-l-ie), for k^ G S\{|k^p = E} and e G R, needed in the proofs of the following sections, 
and explain the link between flg{E) and the problem of the invertibility of 1 — gT]s_^{E). Section [3] is 
devoted to the study of the invertibility of 1— ^Fk^ (E) for sufficiently small 5 > 0, and contains the proof 
of Theorem 11.11 Section |4] deals with the characterization of guided states occuring in this framework, 
and their decay properties in the direction orthogonal to x^ . It provides the proofs of Theorem ll.2l and 
Corollarv ll.il The paper concludes with two appendices in Section [4.31 The first appendix, Appendix 
A, contains the proof of the Hilbert-Schmidt properties of the operators T]s_^{E ± ie), stated in Lemma 
12.21 The second appendix. Appendix B, is dedicated to the derivation of a LAP for Ho(kg,E ± ie), 
£ > and k^ G /B, needed in the proof of Theorem 11.21 



H = L2(M X S) : 



Hr ■■= {v eU, (1 + xfy/^v en], T> 0. 



1.3 Outline 



2 Basic properties of Fk^ (E" + ie), G B^, e G M 



We set 




(2.1) 



(2.2) 
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2.1 Notations and summability result 

For all hi = J2j=2,3 ^j^j ^ ^nd Ki = J2j=2.3 "i^j G p3| - pril) entails 

\ke + Kff= ^ (nj+i,f |b,f , e (-1/2,1/2], n,eZ, j = 2,3. (2.3) 

J=2,3 

Thus for all (5 > and e (0, £^5) we have 

E-\k, + K,|2 < -SEs, k, e 6, K, e C^\{0}, (2.4) 

according to (|1.16p . Further, in light of (|1.14p we define for all kg e B^, Kg e and e e M, 

p(kf + , S + ie) (S- |k^ + Kf|2 + ie)i/2 

= PJ^(k£ + Kf,E + ie)+ip/(k<, + K£,£; + ie), (2.5) 

where 

iPR(ki + Ki,E + ie),pi(ki + Ki,E + is)) e M x M+, (2.6) 

in such a way that 

Ike (x, y, + ie) 

Ep-pi{kt+K.e,E+ie)\xi-yi\ , , , 

I QiPR{ke+K.i,E+ie)\xi-yi\^i{]sie+K.i,xe-yt) ^2 7) 
-ip(k£ + Kf,i; + ie) 

Actually (pfl,(kf + K^,£^ + i£),p/(k^ + K.g,E + ie)) is uniquely defined from (I2.5I) - (|2.6I) for every 
(ke, Ke, e) ^ B]^ x {0} x {0}. Indeed, since arg -y/i is taken in [0, vr) for any complex number z = Izje^^'s ^ 
with arg z £ [0, 27r), we get, from ([2^ - ([231) . 

p^. , f {{E - |k, + K,n^ + g^) - (i; - |k, + K,p) \ 
p/(k£ + Kf,^; + le) , (2.8) 



for every {ke,Ke,e) e B^ x x R. This and dm yields pi{ke + Ke,E + ie) > for {ke,Ke,e) </ 
^ {*^} ^ {0}' ^'^'^ hence 

Pfl,(k, + K,, i? + ie) - . ^4 F^- V ^) ^ ^ ^ ^)\(^^ ^ ^ (2.9) 

zpi[k.e + ts.(, £/ + lej 

However, if (k^, K^, e) G x {0} x {0}, we have pi{ki, E) = from p.Sp . which shows that pij;(k^, £') 
cannot be defined by p.9p . In this case we set 



p{kg,E)^PR{kg,E):={E-\ke\^)^/^ >0, k, £ S". (2.10) 

Notice from ((2?8l) - (l2J0l) that we have: 

lim,^op(k, + K,,i;±ie) =p(k, + K,,i;) if {ke,K,) E {B+ x U {B^ x £^\{0}) 
\imeiop{ke,E±ie)^±p{ke,E) if kg e B^- ^' ' 

Remark 2.1. The condition E e (0, £^5) ensuring ()2.4p for every kg £ B and K.e E £^\{0}, we have 
pi{ke + , _E) > except for K.e — according to ()2.8p . The picture is quite similar for E > Es in the 
sense that there exists only a finite set JCe of "singular" values Kf £ such that E — \ke + Kfp > 
for some kg E B. This can be seen directly from (|1.3p and the identity = X]j=2 3 ^"-"i through 
elementary computations. Therefore, the case E > Eg can actually be handled in the same way as 
E E {0,Es), at the expense of inessential greater technical difficulties, upon substituting )Ce for {0} in 
the following computation^. 

^Such as the occurence of several connex components in Cg{E). 
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For further reference we now establish the foUowing 

Lemma 2.1. Let E £ {0,Es) for S > 0. Then for every fi > 2 there exists a constant a^((5) G M^, 
depending only on S and fj,, such that we have 

for all ki £ Be, E £ {0,Es) and e e R. 

Proof For every Ki ^ Ej=2.3 e i;^\{0} we get from dSSJ-dSIll) and that 
pi{ke + K,,Ef = -{E-\k,+Ke\^)> (I"j|-l/2)>,f 

j=2,3 s.t. Tij5^0 

Henceforth we have 

Pi{ke + Ki,E)> l{l + S) (2|«j|-l)'-l K, e /:^\{0}, (2.12) 

y j=2,3 s.t. jxjT^o y 

by (|1.16p . since E £ {0,Es). This, combined with the estimate 

Pi{ki + Ke,E + ie) > pi{ki + Ke, E), {ke, Ke, e) £ x x M, (2.13) 

which immediately follows from (|2.8p and (|2.10p . proves the result. □ 

2.2 Hilbert-Schmidt properties 

In view of collecting some Hilbert-Schmidt properties of the operators Fk^ (i? + ie), £ Be and e G K, 
needed in the proofs of the following sections, let 

Pke (•,<^k,)H¥'k,,kf £ B, (2.14) 

denote the projection operator onto the linear space spanned by the normalized function (we use ()2.2p ) 

(Pk,(x) := VF(x)e'<'"='''*\ x G K x 5. (2.15) 

From (I2S])-(12J1) and ([2T4l) - (|2T5l) then follows for every ke £ B% that 

Tk, {E + ie) = Ak, {E + ie)Pk, + Ck, {E + ie), (2.16) 

where 

Ak,(i; + ie):^ (2.17) 
p(k^,i;-|-ie) 

and Ckj, (i? + ie) is the integral operator with kernel 

Ck,(x,y,£; + ie) :^ 7k, (x, y, + ie) - /?Ty(x)Ty(y) (2.18) 

-ip(kf,i? + ie) 

Lemma 2.2. Assume (|1.17p . T/ien /or ewer?/ £^ e (0,i?5), wiit/i (5 > 0, it holds true that: 

(a) Ci^^{E + ie) and Fk, (-E + ie) are Hilbert-Schmidt operators for every ki £ Be and e £ K; 

(b) Ck, {E + ie)* = Ck, (i; - ie) and Fk, (i; + ie)* = Fk, {E - ie) /or all (k^, e) G (6^; x R*) U (S^t; x M); 
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(c) There exists a constant c > depending only on 6 and W satisfying 

\\Ci,,{E + ie)\\HS <c, (k,,£)eZ?BxR, 
where |j-|l_ffs stands for the Hilbert- Schmidt norm inM.x S. 

(d) lim^^o Tk, [E ± ie) = Tk, {E) if k, e B+ and lim.^o Tk, (^^ + ie) = Tk, (£;) if k, e 

('ej lini£_i,o Tk^ (i? — ie) = Tk^l^') ^ 2C^'^-'(i?) i/ k^ e where c'^^{E) denotes the integral operator 
with kernel 

4°)(i?,x,y) pW{^)W{y) . e^i^--'-y'\ 

-mi^e,E) 

the limits in (d) and (e) being taken in the Hilbert- Schmidt norm sense. 

The proof of this lemma being quite tedious, it is postponed to Appendix A in Section \K\ 

The operator Ak^(-E + i£)Pk; being normal from (I2.14I) - (I2.15I) and (|2.17p . with spectrum equal to 

{0, Ak,(i^ + ie)}, itEtollows readily from (I^H)) and Lemma l^c) that: 

a(rk,(-B + ie)) cElB(0,c)UB(Ak,(£: + ie),c), k<, e S^, Ee{Q,Es), e G R. (2.19) 

Moreover rk^(i?) being selfadjoint for k^ e by Lemma [2?2y b). then (I2.19P yields: 

a(rk,(£;))c [-c,+c]U[Ak,(£;)-c,Ak,(S) + c], k, ^^(O,^^). (2.20) 

2.3 Spectral properties 

Since Fk^ (i? + ie) is compact for every k^ € Be by Lemma [^TW al. its spectrum (^(rkf (i? + ie)) consists 
of at most a countable number of eigenvalues with finite multiplicity possibly excepting zero. In 
what follows we denote by Ai (k^, E ~\-ie), A2(k£, £^ + ie), . . . these nonzero eigenvalues arranged in non 
increasing order of magnitude 

|Ai(k,,S + i£)| > |A2(k,,i; + ie)| > 
and call Pi(k^, i? + ie), P2(kf , -E + ie), . . . the associated eigenprojections. 

Fix s > So, where sq 3 + For all g S (0, s^^c^^), we then introduce ^g{E), the layer invariant 
by rotation cited in Theorem ll.il that is defined by 

ng{E) := {k, G B+, pi{ke,E) e {q-g,q+g)} , (2.21) 

with 

q- = q-{s) ■■= '^13 and q+ = q+{s) := ^/3, (2.22) 
s s — 2 

and then state the following 

Proposition 2.1. Let E and W be as in Theorem \l.l\ and let g G (0, s^^c"^) where s > Sq is fixed. 
Then there exists Eq — eo{g) > .such that for all e G (— eo,eo), we have: 

(a) IfkeeBE\ng{E) then 1 e pigT^.iE + ie)) and ||(1 - 5Fk,(£; + ie))-i|| < 2s(s - 1); 

(b) Ifke G TlgiE) then: 

^We use the following result (see e.g. 1161 [Problem V-4.8]): Let T be normal and A g Biji), where T-L is an Hilbert 
space. Let d{C) = dist(C, o-(T)). Then > ||A|| implies C e p(T + A) and \\{T + A - C,)-^\\ < l/{d{Q - ||A||). 
■^For all zq G C and r > 0, -8(2:0, r) denotes the closure of the ball B(zo,r) = {z G C, \z — zo\ < r}. 
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(i) Xi{hi, E + ie) G i3(Akf (i? + ie), c), and is a simple eigenvalue; 
(a) X-j (k£, E + ie) € 5(0, c) for all j > 2; 
(lit) S(0,c)nB(Ak,(-B + i£),c) = 0. 

Moreover it holds true that: 

(c) TgMi^i.E) > Tl + l/(s(s - 1)) if^i e is such that TPiO^e^E) < Tq±9- 

Proof, (a) Every e BsX^giE) satisfying one of the three fohowing inequahties |kf p — E > q^g'^, 
\E— |kf PI < q^g^ or E~ |k^p > q^g^, we treat each corresponding case separately. If |kf p — E > q'^g^ 
it holds true that {pike, E + ie)\ = {{\'ki\'^ - E)^ + e'^)^/'^ > q+g, whence g\A]^,{E + ie)\ < (s-2)/(s- 1) 
for every e e M, by using (j2.17l) . As a consequence we have 



dist(l,CT(5Ak,(£; + ie)PkJ) > e 0^ s.t. piike,E) > q+g, e e 



(2.23) 



Similarly for \E - Ik^pj < q^_g'^ we get \p{}it,E + ie)\ < {qtg"^ + e^fl^ for each e e R. Since q_ < s/ 
{s + 1 + where v := l/(2(s — 1)), it is true that |p(kf , E + \e)\ < s/(s + 1 + y)gP, and hence that 
g\K^,{E + ie)| > 1 + (1 + v)/s, provided |£| < e g''{{s/{s + 1 + - gi)i/2. As a consequence 

we have 



dist(l,a(5Ak,(£; + i£)FkJ) > 



l + v 



\E-\kt?\<qlg\ £€(-£,£). 



(2.24) 



Last, in the case where E ~ jk^p > gig^, we see for every e g M that |p(k^,i? + ie)| > g.g and 
|p/(k<.,£; + i£)| < (|e|/2)i/^ according to (EH). From this, ((2Tfl) and the identity |Re (Ak,(£^ + ie)) | = 
^\pi{ki,EV\e)\l\p{ki,EV\e)\^ then follows that g|Re (Ak,(i; + ie)) | < gii\£\^^'^l(stg^) < (s-1-j/)/s 
provided |e| < e := g"^ f3^'^q't{{s — 1 — z^)/s)^. This immediately entails 



dist(l,a(gAk,(i; + ie)Pk,)) > E ~ > qtg 



2 „2 



(2.25) 



Now gAkf (i? + ie)Pk« being normal, with g||Ck^(i? + i£)||g(-«) < 1/s from Lemma[2?2jc), we may deduce 
from that 1 e p(grk,(£; + iej) and ||(l-grk,(£; + ie))"^||BCH) < 2s(s-l) if |e| < min(e,e). 

(b) For ah (k£,£) e flg(£;) x M it holds true that \p{}Li,E + ie)\ = ((jk^p - £;)2 + e2)i/4 < |e|i/2. 
This, combined with \2.n\ . (|2.22p . and the fact that 5 e (0, l/(sc)) with s > sq, yields 



|Ak,(^ + i£)| >r := ""^^ \ >Ac, kie^g{E), |e| < e (L^g 
s — 1 V sc 



(2.26) 



by direct computations, and proves (iii). Further, we fix rg G (2c, r/2) and consider the circle Cro 
Cro{^e,E,e) := {Ak,(-B + ie) + r^c'^, 9 G [0,27r)}, so that we have 



dist(C„,CT(Ak,(£; + i£)FkJ) > ro, kt € f^g(-B), e G (-£,£)• 
As ro > c, we deduce from (j2.27p and Lemma [22Jc) that Cro C p(rkj(i? + is)), with 

1 



|l(z-rk,(P + ie))-^||6(«) < 



ro - c 



e Cra, k£ e f^g(£'), e G (-£,£) 



(2.27) 
(2.28) 



This together with (j2.27p involves 

/ (rk,(i; + i£)-z)-Mz- / (Ak,(£; + i£)Fk, -^)"Mz 

< ^1 \\{Ti,,{E + ie)-z)-^Ci,,{E + ie){K^,{E + ie)P^,-z 



B(H) 



B(L2(R3)) 

ds 



< 



ro - c 



< 1, k<> e ^g{E), £ e (-£,£). 



(2.29) 
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Since Ak^{E + ie) is the only eigenvalue of A\^^{E + ie)Pkf lying in the circle Crg, and that it is non 
degenerate, (|2.29p then entails (see [TO] [Theorem 1.6.32]) 

dimrankf-^- / (rk,(-E + ie) - z)"Mz | =1, ke eTlg{E), ee (-£,£). 

Therefore Xi{E + ie) is simple, and it is the only eigenvalue of Fk^ (-E + ie) lying in the disk B{A\^^{E + 
ie), ro). Evidently (i) and (ii) follow from this, (|2.19p . and the imbedding ^(Ak^ (£'+ie), c) C S(Ak^ {E+ 

(c) For every ke e we have p{ki, E) = \pi{ki, E), whence ±gK{ki, E) < ±1 + l/(s - 1) from (|2?22l) 
and the assumption =pp/(kf , E) > ^q±g. Bearing in mind Lemma l2.2f c). the result follows immediately 
from this, (I2.14p - (|2.17p . and the minimax principle, since Fkj(£') is selfadjoint in Ti for every kg G 
by Lemma [l^lljb). □ 

Remark 2.2. Notice that Provosition \2. lY a) . fc) actually hold true for every s > 2; 
Bearing in mind that gc < I, Proposition 12. If a) . (b) immediately entails the 

Corollary 2.1. Under the assumptions of Provosition \KT[ the following equivalence holds true: 
(1 e a(gFk, (£;)), k, e Be) ^ (k^ e ng{E) and g\i{k,,E) - 1). 

2.4 Analyticity results 

Fix (n2, n^) G and = Sj=2 3 "-j'-'i ^ ■ 1^°^' ^^^^ purpose in hand we need to extend analytically 
the function k^ |k^ + K^p, defined in B (interior of B), into B + iM^. For every [tj^R^tjj) G (— 1/ 
2, 1/2) X R, j = 2, 3, we thus define k^^R :— J2j=2 3 ^j,R^j ^'^'^ Sj=2 3 ^jJ^j^ such a way that 

/K,(k,) (k, + K(f - ^ ((i,- H + - tlj + 2i(t,- H + n,)i,- ,) |b,f , (2.30) 

J=2.3 

is an analytic function in ki := ki^n + ik^ / G S + iR^. Therefore, (k^, z) i— )■ z — f-K^{ki) is analytic in 
(^ + iR2) X C. Further, bearing in mind that jk^.itp = Ej=2,3 ^?,fl|bjf < |kf,fl + K^P = Ej=2,3(^j,fl + 
nj)^|bjp for every k^^/j G S, and noticing that 

Re (z - f^M) = Re (z) - (Ik,,^^ - \kij\^) = Re (z) - ^ ((t,- ^ + n^)^ - tlj)\hj\\ 

J=2,3 

we introduce the set 

V := {(k,, z)e{B + iR2) X C, |k,,i^|2 > Re (z) + |k,jp}. 

Then, the mapping ( H> being holomorphic on {C G C, Re (C) < 0}, (k^,z) H> p(k^ + K^,z) :— 
\/ z — /K£(k^) is non vanishing and analytic in 2? for every G As a consequence (kf,z) i— ^ 

7k,+K,(x,y,z) "'"L^tk '+K,!zr ' e'^*^^ ^ is thus holomorphic in V for every G and 
every (x,y) G (R x Sf. Moreover, since |7k«+Kf (x, y, z)| < e-vi{^i.+v.t.^)W-yi\ j^^i^^ +K|,z) from 
- (j^ . with, due to 



P/(k,+K,,z) :=Im(p(k, + K,,z)) > | ^ (|n, | - l/2)2|b,f ~ |Re (z) 

\i=2,3 

for each = Sj=2 3"j'^j ^^'^^ t'^^* (^12,^3) G (Z*)^, we deduce from (|1.13p - (|1.15p that 

(kf,z) I— >■ 7k^(z,x, y) is analytic in 2? for every (x, y) G (M x 5)^. This entails the 
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Lemma 2.3. // two out of the three variables (fc2,fc3,z) € 2? are fixed then T^^^^z) is a Kato analytic 
family of type (A) in the remaining variable. 

In Lemma [^751 we used the obvious notation ~ {k2, k^)^ S C^. 

Lemma 2.4. Let E, g and Eq be as in Provosition Then (k^,£) M- Ai(k^,i? + ie) and (k£,e) i— > 
Pi(k^,i? + ie) are real analytic in flg{E) x [—eo^eo), and continuous in Qg(E) x [— eo,eo]- 

Proof. For all e G (0, min(£', i?^ — E,qtg'^)) we consider the set rig{E,e) (resp. ^g{E,e)) of pairs 
(k£,z) in the Cartesian product oi B + iR^ and (i? — e,i? + e) + i(— eo,eo); satisfying the condition 

g2 < j^|2 _ |k^^^|2 _ £; < ^2 ^2 (^.^gp ^2 ^2 < |l^^^|2 _ |l^^^|2 _ < g2 ^2)^ ^jg^^ ^]^^^ 

fig(£', e) C I? since \ke^R\'^ - \kej\'^ > E + q^_g^ > E + e>Re{z) for each (k^ , z) e flgiE, e). Further 
Ai(k£, z) being simple for every (k^, z) £ ^g{E, e) by Proposition l2. If b) (i) . we may deduce from Lemma 
I2.3l that Ai is analytic in each variable k2, k^ or z separately, when the two other complex variables are 
fixed. Separate analyticity implies joint analyticity by Hartogs' theorem (see e.g. [TS] [Theorem 2.2.8]) 
and (kfjz) i— Ai(k£,2;) is thus analytic in e). Similarly, the continuity of (kf,^) i— >■ Ai(k£,z) 

in r2g(i?, e) follows from Proposition I2.1( b)fi') and (16j [Chap. n-§5.7]. The case of Pi is treated in a 
similar way. Indeed, arguing as before, we see that Pi is an analytic function in each variable k2, k^ 
or z separately, when the two other variables are fixed, whence (k^, z) ^ Pi(kf , z) is weakly analytic 
on ilg{E,e) by Hartogs' theorem. Since any weakly analytic vector-valued function on Vl.g{E,() is 
extendable to an analytic function in the usual sense in a neighborhood of flg{E,e) according to 
[19] [Proposition 7.6], the proof is now complete. □ 



3 On the invertibility of 1 — gr]^^{E), G Be 

3.1 The equation gXi(k£,E) — 1 = 0: proof of Theorem 11.11 

In light of Corollary [531 '^e are left with the task of studying the set 

CgiE) = {ke e rigiE), gXi{ki,E) -1 = 0}. 
To this purpose we start by describing the behavior of Ai(k^,i?) w.r.t. k^. 



(3.1) 



Proposition 3.1. Let E, W, s and g be as in Proposition \ 2.1\ Then the mappings k^ i— >■ Xiiki^E) 
and k( i— > Pi(k£,£') are both continuous in Qg{E), and real analytic in D,g{E). Moreover there are two 
constants go = goiS, s, W) > and x — >i{S, s, W) > 0, such that we have 



E 

J=2,3 



dXi 
dki 



{ki,E) 



>K>0, keeilgiE), Ee {0,Es), ge {0,go). 



The proof of Proposition 13.11 being rather technical and lengthy, it is postponed to 
with Proposition 13.11 we may now complete the proof of Theorem 11.11 



below. Armed 



Proof of Theorem 11.11 Let us first show that Cg{E) ^ 0. To see this we consider any continuous 
curve C in B'^ joining two points k^ belonging to each of the two connex components of the boundary 
dftg{E). Since kg i— >■ Xi{kg,E) is continuous in C from the first part of Proposition 13. 1[ then the 
intermediate value theorem combined with Proposition I2.ir c) entails that there is at least one kt G 
C n ng{E) satisfying Xi{kt,E) = 1. Hence k* e Cg{E). 

Next, kf I— T' Xi{k£,E) being a real analytic submersion from ftg{E) into M, according to Proposition 
13. li the closed set Cg{E) is thus necessarily a real analytic submanifold with no cndpoint. In other 
words, Cg{E) is a closed, regular, analytic curve in V,g{E). 
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Further, if Cg{E) were homotopic to a point in ng{E), then the mapping i— > Ai(k^,i?) would admit 
an extremum in the compact set Ag{E) enclosed by Cg{E), and its gradient would thus vanish in at 
least one point of Ag{E). This claim being in contradiction to Proposition I3.1[ Cg{E) is thus not 
homotopic to a point in flg{E). This completes the proof. 



3.2 Proof of Proposition [XT] 

Since i— Ai(k£,i?) is analytic in ^g{E) by Lemma [2.41 we have 

^(k,,i?) = / ^(x,y,i?)^i(x)V'i(y)dxdy, k, e ng{E), j =2,3, 

from the Feynman-Hellmann formula, where ipi = ijji(ki,E) denotes a 'H-normalized and real valued 
eigenfunction of Fk^ associated to Ai(k£, E). From this and (|2.4p - (|2.8p then follows that 



dXi 
dk-i 



(k,,i?) = - / (iW{^)W{y) V - 



(k, + K,,i;)3 



xe 



-p(kf+K{ ,£;)|xi-j^i| i(kj!+K£,X{-y4) 



'0i(x)V'i(y)dxdy, 



(3.2) 



for all kf e rig(i?) and j = 2, 3, where we used the identity 



E 



g-p(k£+K£,£;)|xi-ai| 

K^g^^.,,.xs)^ p(k, + K,,i;) 

(rkf(-B)'0i,a;j?/'i)-H - (yjV'i,rk4(-B)'0i)w = 0. 



,i(k£+K^,X£-y£) , 



)V'i(x)-0i(y)dxdy 



The strategy consists of splitting the sum in the r.h.s. of p.2p into two parts, 5*0 and S*, corresponding 
respectively to = and 7^ 0. We shall treat and 5* separately. 

Let us start dealing with S"*. First, by performing the change of variable u = y\ — x\ in the following 
integral, we notice for m = 0, 1, and a.e. y\ G M, that 

Ixi -yire-f(''^+K''^)l^i-''^IW'(xi,x,)V;i(a;i,x,)dxi = (/„*W^(.,x,)Vi(.,x,)) (yi) 



^pg-p(k,+K,,B)|«|^ u e M. Since /,„ e Li(M) with ||/„,||li(r) - 2p(k, + K,,^;)— +1, 

2||W^(.,X£)|lL-(R)||-i/'l(-,X£)||L2(R) 



where /„i(u) 
this yields 



Vi - 2/ire-P(''*+K*^^)'"i-^ilW^(x)V'i(x)dx 



< 



L2( 



p(k£ + K£, 



and hence 



W - 2/ire-f(''^+K^^^'l"i-2'ilW^(x)W^(y)Vi(x)^i(y)da;idyj 



< 



p(k^ + Kf,i;)"+ 



5-||W^(.,X^)||Loo(R)||W^(.,yf)||L~(R)||V'l(-,Xf)||L2(E)||V'l(-,y£)||L2( 



Thus, by integrating the above inequality w.r.t. x^ and yg over 5 and using the normalization condition 
llV'illw — 1: we find out that 



|xi -2/i|"'e 



-p(kf+K4,£;)|xi-ai| 



:x5)2 



W^(x)W^(y)V'i(x)V'i(y)e' 



i(k{+K{,Xf-y{ 



dxdy 



< 



p(k^ + Kf,i;)™+ 



tI1^I1l~(R,L2(5))- 



(3.3) 
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Further, since \kj + Kj\ < {p{ke + Ke, E)'^ + E)^/^ < p(ke + Ki, E) + E^^ for all Ke eC^, E e iO,Es) 
and j = 2,3, it follows from p.3p and Lemma [^TT] that 



We turn now to estimating 5*0, which is brought into the form 

kj 



(3.4) 



^0 
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p(k,,i?)3 



;x5)2 



W^(x)W^(y)«:(a;i,yi)e'<''''"'-''^Vi(x)Vi(y)dxdy 



:xs)2 



W^(x)W^(y)e'<''^'^^-''^>Vi(x)^i(y)dxdy , 



where 



Bearing in mind (|2.2p and (|2.15p . we may express the second term in the r.h.s. of p.Sp as 



l¥(x)l¥(y)e'<''^'^^-y^>^i(x)V'i(y)dxdy = |(^k,,V'i)l' 



The benefits of p.7p is the following lower estimate: 



(3.5) 
(3.6) 
(3.7) 

(3.8) 



Indeed, we know from (|2.29l) that the spectral projection Pi = satisfies ||Pi — < c/ 

(ro — c) for any k^ e ^g{E) and rp € (2c, r/2), with r = s(s — 2)/(s — l)c. Taking = c + r/4 we 
obtain 

Moreover, since |((pkf,'0i)P = (■(/'i,<PkJ(<Pkf,'0i) = (V'l, ^'kfV'i) = 1 + (V'i:(-Pkf - PiHi), we get that 
|((pk,,V'i)P > 1 - ||flc« - -Pills(H), which, together with dSl]), entails ([HSl). 

Let us now study the first term in the r.h.s. of p.Sp . Taking into account that 1 — e^" e [0, u] for every 
M > 0, we get that |k(xi,?/i)| < p(k^, £')(|xi | + |j/i|) for all {xi,yi) £ R^, and hence 



J(Rx5)2 



<2p(ki,E)\\W\\n,, 



(3.10) 



according to 



Finally, putting ([H?^ . and ((Hill)) together, we find out that 



dk 



p{ke,Er^ 



< 2/3 



1% 



p(k^£;)- 



for ah ki e f^g(£'). This, combined with ((1211) and ([3^, yields 



dki 



where 



ao{s,W,g) :=r' 



s-2 
s- 1 



1 - 



4(-s - 1) 
s{s - 2) 



- 2 



s- 1 



(3.11) 



As a consequence we have J2'j=2 
il.g{E), we have X]j=2 



§i(k^£;) > /3-i|k,|g"3ao(s,VK,5) - 2a,XS,W). So, for all k, e 
> ^5-%(s,t^,5) -2a,((5,W^) since |k,| > q_g > {{s-l)/s)Pg 



according to This and (|XTT|) entails Proposition EUl 
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4 Characterization of the guided states: proofs of Theorem [1^2] 

We proceed with a succession of six lemmas, the first five listed leading to the conclusion of Theorem 
11.21 while the last one involves Corollarv ll.il 

4.1 Quasi-momentum associated to guided states 

We first collect the following preliminary result that will be needed in the proof of Lemma 

Lemma 4.1. Let E, g and W be as in Theorem \l.l\ Then any guided state u with energy E, associated 
to hi ^ Be, verifies u = gRQ(ki, E ± iO)W^u and, consequently, Wu ^ 0. 

Proof. The guided state u being solution to the equation (_ffo(kf ) — {E± \e))u — (gW^ =F ie)u for every 
e G E_|_, we have 

u = 5i?o(k£, E ± ie)W^u T isRoi'ki,E ± ie)u, e > 0. (4.12) 

If ki g we obtain the desired result directly from Proposition IB. II (a) and (b) , by taking the 
limit in (j4.12p as e J, 0. Doing the same for € Bj^ after noticing that W^u G Hs+e, we find that 
u = gRo{E ± iO)u in "H-z-e weakly. Further, u being in H, the equality holds true in "H and the proof 
is complete. □ 

Notice from Proposition IB. II that Lemma I4?l1 simplv reads u = gRoiht, E)u for G B^. 

Armed with Lemma 14.11 we may now characterize the quasi-momcnta corresponding to actual guided 

states. 

Lemma 4.2. Let E, g and W he the same as in Theorem ] 1. 1[ and assume that there exists a guided 
state with energy E associated to £ B. Then we have either k^ G Cg{E) or jk^j 

Proof. Let u denote a guided state associated to k^ G Be- Then v = Wu is solution to the equation 

(l-5rk,(S±iO))w = 0, (4.13) 

according to (|1.13p and Lemma 14.11 From this and the first part of Lemma I2.2f d) then follows that 
(1 — gT-k^{E))v = if k£ G B^. Similarly, putting (|4.13p and the second claim of Lemma [2.21 (d) 

together with Lemma [2?2] fe) for k^ G B~^, we see that c'^^v = as T\^i,{E + iQ)v = rkf(i? — iO)i;, and 
hence that (1 — gT\f^^{E))v = 0. Since v G 'H\{0} by Lemma HTI we thus have 1 G a{gV\f^i,{E)), and the 
result follows directly from this and Corollarv l2.1l □ 

4.2 Existence and decay properties of the guided states 

In light of Lemma IT2l we examine separately the two cases k^ G Cg{E) and k^ G B\Be- 

4.2.1 Guided states associated to k^ G Cg{E) 
The case of k^ G Cg{E) is treated by the following: 

Lemma 4.3. Let E, g and W he as in Theorem \l.l\ Then for all k^ G Cg{E) there exists at least one 
guided state with energy E associated to k£. Moreover it belongs to r\mewHm- 

Proof. Let k^ G Cg{E). The spectrum of Fk^ (i?) being pure point by Lemma I^T^ a). it follows from the 
very definition oiCg{E) that there exists v G H\{0} satisfying (1 — gLk^ (i?))w = 0. This entails that v = 
gWRoiht,E)Wv according to (11.131) and ProDOsition lB.il and shows that Ri^{hi,E)Wv ^ 0. Further, 
by left multiplying the preceeding equality by W , we deduce from (|1.13p that [1 — gW^R^ihg, E))Wv — 
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0. From this and the obvious identity {H(ke) - £')i?o(k/!, E)Wv = (1 - gW'^Roi'ke, E))Wv then follows 
that 

{H{ki) - E)Ro{ke,E)Wv ^ 0. 

Hence RoCki, E)Wv is a guided state with energy E associated to k^, which proves the first part of the 
result. 

To show the second part of the statement, we consider a guided state u G Hr, t > 0, associated to e 
Cg{E). Since u is solution to the equation u = gRf){k(^, E)W^u by Lemma HTTl and / = W^u e "Hs+e+T- 
according to (|1.17p . we deduce from Lemma |R2] that u = gRoikf, E)f G H-^''^+^+'^(M x S), where we 
used the notation H^''^(R x S) := H^(M x 5, (1 + xfy^^dx) for ct e M. Any guided state associated to 
ki and taken in Ht thus belongs to Hs+e+r- From this and the fact that u E H = Hq then follows that 
u S Hi, for any > 0. This terminates the proof. □ 

4.2.2 Guided states associated to kg E B\Be 

We now examine the case where |kf p = E. We first establish two lemmas, both refering to the notations 
introduced in TO.li and then derive the claim of Theorem 11.21 in this particular case. 

Lemma 4.4. Let E, g and W he the same as in Theorem \l.l[ Then any guided state u E Jir, t > 0, 
with energy E and associated to kg, verifies W^ulOjke) — (W^u)' (0,ke) = 0. Moreover the mapping 
^ ^-^wKi{C,ki) belongs to 11^+'+^ (R) n h^^iR). 

Proof. The guided state u being solution to the equation {Ho{ke) — E)u — gW^u, we get that 

W^(e, k,) - g-'ent k£), a.e. C G M, (4.14) 

directly from (|R46|) . Further, W^u{.,ki) E H3+^+^(M), since this is the Fourier transform over M, 
according to (|B.44j) - (|B.45| . of the L^^3+''+^(]R)-function xi {{W'^u)(xi, .),(p{ki))i^2i^sy Hence we 

have W'^u{.,k£) E C^(R) and consequently 

Whiit kg) = Whiif), kg) + e(W^)'(0, k,) + eCk, (0, e e R, (4.15) 

for some € C''(R) satisfying lim^^o Ck^ (C) — 0- From (|4.14p . the square integrability of u(., k^) over 
R, and the continuity of f i~> W'^u{£,, kg) at then follows that 

W^(0, k,) = hin i- /" W^(C, k,)de - g-' lim i- f ^H^, k,)dC - 0. 

This and (|4.15p immediately yield 

(W^)'(O, k,) = -g-i lim i- /' (eu(e, k,) + Ck, (C))de = 0. 

hiO Ztl J _fi 

Finally the last part of the claim is obtained from the two above identities by applying [7^ [Corollary 
3.1] (see also [1] [Lemma B.2]) to WHi{.,ki). □ 

Lemma 4.5. Assume that E, g and W are the same as in Theorem li.il Then every guided state 
u E Ht, t >Q, with energy E associated to kg verifies: 

u = gRo{kg, E ± iQ)W'^u E Ui+e+r- 



15 



Proof. Let us first prove that u — gRoCke, E ±iO)W^u. With reference to (|4.12p (which stiff hofds true 
for jkfp — E) and Proposition IB . 1 T b) . it is enough to show that finie^o RGi}^i,E ±\£)W^u exists in the 
weak topofogy of In view of (jB.48|) this can be achieved by estabfishing for every v E H that 



KA'-E 



^(C,k, + K,)d^ = 0. 



Actuaffy, due to (|2.4I) and (IB.47[) . onfy the case = has to be examined. This can be done by 
noticing that 



Tie 



< 



e 



a.e. ^ e 



and then invoicing the second statement of Lemma 14.41 in order to apply the dominated convergence 
theorem to the integral /^((^^ T ie)"^ - k^)w(C, k£)dC. 

The second part of the proof involves showing that R^iki^E ± \Q)W^u £ Hi+e+r- To do that we 
decompose w = W'^u into the sum w = wi + W2, where wi verifies 

k,) - k,) = wKl{., k,) and w^{., k, + K,) = 0, K, e C^\{Q}. 

Arguing as in the first part of the proof, we find that lim^j^o Roi}^iiE ± ie)wi = R^iki^E ± iO)wi — 
Roiki,E)wi in V. weakly, with, according to (|B.44l) - (IB.45p . 



{Roiki,E±iO)wi){xi,x,) = 



(27r)i/2|5|i/2 



Since xi i-> J^e^^^^£^^^W'^u{^,ke)d(, £ L^'^+^+'^(M) from the second claim of Lemma l4?4l we de- 
duce from the above identity that Ro{ki,E ± iO)wi e Hi+e+r- To prove that Ro{k(,E ± i0)ti;2 — 
Ro{ke, E)w2 € Hi+e+T, we notice from (12.41) that 

e + |k£ + K,|2 -E>e + 5Es> c{e + 1), e e K, K, e C\{Q}, 
where c = min(l, 5Es) > 0, then we refer to (|B.46P - (|B.47|) and find that 
\\W2\\1 = \\{Hoiki)-E)Ro{ki,E)w2\\l 



Kiec-^\{a} 
> c'U^A + l)Ro{k,,E)w2\\l. 

Henceforth we have 

\\Ro{ki, E)w2\\h2^r^s) < c\\w2\\n < c\\W^u\\-h, 
for some constant c > independent of u, according to (|B.47|) . Further, W^u being in Hs+e+r, we 
have Whx{.,ki) G H3+^+^(R), whence 



(4.16) 



wi(a;i,x<.j 



(2^) 



and consequently W2 — W u — wi £ "Ha+e+r- Finally, arguing as in the proof of Lemma [B . 2 1 and using 
(I4.16p . we obtain that Ro{ki, E)w2 £ Hs+e+r- □ 



Any guided state u being in H, the claim of Theorem 11.21 follows by successively applying Lemma [4.51 
to u. 
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4.3 Proof of Corollary [TTTl 

We now establish the coming lemma, which, together with Theorem II .21 entails Corollarv ll.il 



Lemma 4.6. Let E and W be the same as in Corollary Then for every £ B such that 

\ke\ = we have ker(i?(k^) - E) = {0}. 

Proof. Let u G D{H{ki)) = D(iJo(kf)) be solution to the eigenvalue equation 

H{\^i)u^ {-A- gW'^)u^ Eu. (4.17) 
With reference to (|B.44p . the set {(^(k^ +Kf )}K^e£i is an orthonormal basis of L^(5), so u decomposes 



as 



t(xi,x^)= ^ Ukf+K;(2;i)v'(k^ (4-18) 



where Mkj+Kj>(a;i) '■— Xs Xj»)(y9(k£ + Kf;x£)dxf. From this and (|4.17p then follows that 

- <+K,(a^i) + + K,|2 - E)u^,+-K,{xi) - g(M^'^/)k,+K,(a:i) = 0, G R, K, e (4.19) 

Further we have M^^(a;i,x^) = ^j^, (VF^)k^ (a;i)(/3(K^; x^) for a.e. (a;i,X£) e R x 5, from where we 
get that 

(W^^u)kf+Ki(a:i) = / W^(a;i,x^)^M(xi,x^)<y9(k^ + K<?;x^)dx^ 

= X! (^^)Kj(a;i) / w(xi,X£)^(K^;x£)(^(k£ + K£;x£)dx£ 

= \S\~"^ (W^')K^(^l)"k.+K.-K^(xi), (4.20) 



by using the fact that (p{K.[)Lp{kg + K^) = |5|"^/^(/?(k£ + - K^). From (|420)) then follows for a.e. 
xi G R that 

1/2 / ^ / V 1/2 



E l(W^Mk.+K.(xi)M <|5|-i/M 5^ |(W^')k.(xi)| E l"k.+K.(xi) 



|2 



In light of (ii) we may deduce from this that there is a constant c{W,S) > 0, depending only on W and 
\S\, such that 

E ll(W^'«)k.+Kj|£2(R) <c(t^,5)2 J2 ll"k.+K.||^2(R). (4.21) 
This boils down to the fact that 

|(W-')k.(xi)| < (^|^k'|2)2 II(1 - A,)2w-2||l~(k,5), a;i G R, K, e 

where Ag denotes the Laplace operator w.r.t. to x^, as can be seen by noticing that AgifCKf) = 
— \'Ki\'^(p{Jie), and integrating by parts in the following integral: 

1 



(W^')k,(xi) = I Wix,,Xifj^^-^^-^{l-A,)M^r,^i)dxi 



(1 + lK.P) 



J </p(K,;x,)(l- A,)2w^2(a:i,x,)dx,. 
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Further, for all Kg e £^ it follows from (i) that {W'^)ic^{xi) — JgW{xi,Xi)^ip{Ke;xg)dxe ~ for a.e. 
xi e /, which, together with (|Og)) . entails {W^u)i,^+Ke{xi) = 0. In light of (|IT^ for = 0, this 
yields —u'-^^{xi) — for a.e. xi G /, hence U]s_^{xi) = since Uk^ is square integrable in /, and finally 

Uk,(xi) = 0, a.e. xi S M. (4.22) 

by applying Cauchy's theorem. 

The next step of the proof involves multiplying (|4.19l) by Uk^+Kf for each Kg G , integrating the 
result w.r.t. x\ over R, and then performing an integration by parts in the first integral in the l.h.s. of 
the obtained equality. We find that 

l|Wkf+KjlL2(K) + (|kf + K£p - £^)||wkf+Kj|L2(R) - ff((VF2u)k(.+K,,Uk«+Kf)L2(R) = 0, VKf G . 

Summing up the above identity over e £^\{0}, we deduce from (|2.4p and (|4.21l) - (|4.22p that 
XI (lkkf+KjlL2(M) + ((^^^a -5c(M^,'5))||uk,+Kj|L2(R)) < 0. 

Kf6£^\{0} 

As a consequence we have Uk^+K^ = in L^(]R) for every G £^\{0}, provided g € (0, (5i?5/c(VF, 5)). 
From this, (|4.18p and (|4.22p then follows that it = 0, which proves the result. □ 



A Appendix A: Proof of Lemma 12.21 

We prove the statements (a), (b) and (c) of Lemma [2]2] successively, the claims (d) and (e) being treated 
simultaneously. 

(a) Fix e in R. We first prove the result for V\^^(E + ie) and G S^, the cases of G and 
Cki{E + ie) being treated in a similar way. To do that we refer to (|2.4p - (|2.5p . and write 

|7k,(x,y,i? + i£)p =/32w/(x)2w^(y)2Ck,(x,y,i? + ie), (A.23) 

where 



E i{p{ke+Ke,E+ie)-p{ke+K'i,.E+ie})\xi-yi\ 
^i{K,-K,,x,-y,) ^^24) 

K,,K',ec^ p(k^ + Ki,E + ie)p{ki +K'i,,E + ie) 
In light of (|232)) - (|2T3)) . and since pi(ki + Ki,E) > for every (kf,Kf) e x C-^ from ([21]), the 

. v-^ -(pj(kf+Kf.E + ie) + pj(kf+K^,-E + ie))|xi-ai| / • 1 mi- 
series LK,,K^g £^ pj{k,+-Kt,E+ie)pi{ke+K'„E+ie) Converges for every xi ^ yi m R, hence the series 

in the r.h.s. of (|A.24I) is normally convergent on 5 x 5. Bearing in mind that 

f gi<K,-K^,x,)^^^ ^ \S\S{Kg, K'g), K,, K'geC^, (A.25) 
Js 



this entails 



/ Ck,(x,y,£; + i£)dx,dy, = |5p i ^ F^MI2 := (A.26) 

Further, we have Ck^ (x, y, + is) G M+ for ah x, y G M x 5, from (jA.23p . hence 

|7k,(x,y,i? + i£)|Mx,dy,</32|5n|W^(xi,.)||2^(5)||W^(2/i,.)||^^(5)A(xi,yi), (A.27) 



/Sx5 
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for each xi ^ j/i in M, by (jA.26[) . Moreover the mapping yi i— )■ f^(xi,yi) is integrable on M for every 
xi in R, with 

( f,{xuvi)dvi< ^ J F^vA3 -"3('^,£), (A.28) 

the series in the r.h.s. of (jA.28p being convergent according to (|2.13p and Lemma 12.11 Henceforth 
/RllW^(yi:-)llL~(5)/e(^i'yi)dyi < l|W^llL~(Rx5)"3(i5,e) foraha;! G K, whence 

W(x,,.)\\l^^s)W{y,,)\\l^^s)h^^^^^ 
From this and (|A.27[) then foUows that 

|7k.(x,y,i? + ie)pdxdy</32|5n|Ty||2^(^_^^ ||M/||2^(j,^5)a3(-5,e), (A.29) 

:x5)2 

by the ToneUi-Fubini theorem. 

(b) The second part of the resuh boils down to the fact that 



7k,(x,y,£; + ie) =7k,(y,x,£;-i£), (k,,e) e {B^ x W*)\J{B% x E), x,y eKx5, 



as p(kf + , + ie) = -p(k^ + 'Kt,E-i£) for every e by jlS]) and ({2:81 - ([2J)) . 
(c) In Hght of p.7p and p.l8p . Ck^ (x, y,i? + ie) decomposes into the sum 



Ck,(x,y,£; + i£) := ^ 4f (x, y, £; + ie), (A.30) 

where 

cW(x,y,£; + ie) := pW{^)W{y) . , e'^'-^'-^-^^) , (A.31) 

« -ip(k£,£; + le) 

.2)(x,y,£; + ie) -.^mimiy) E -i,(k. + K.i; + ie) ^ " • (^-''^ 



and 



Let C,^ (£' + ie), j — 1, 2, denote the integral operator with kernel (x, y, i? + ie). We shall compute 



the Hilbert-Schmidt norm of each C^\e + ie), j — 1, 2, successively. First, we have 



|pip(k£,-E+ie)|a:i— yil _ 1 12 

|cW(x,y,i? + ie)r = /3^1^(x)2l^(y)2 I \p{],,,E + ieW ' ^'^ ^ ^ >^ 



by (jA.aip . whence |4;(x, y, i;+ie)p < /32W^(x)2M^(y)2|a;i-yi|2 from together with the inequality 

|e^ — 1| < 1 1, which holds true for all complex number z such that Re (z) < 0. This entails \c^^{x.,y,E+ 
ie)p < 2(3'^W{y:fW{y)'^{xl + yj) for all x and y in M x S, and hence 

/ |c£Hx,y,£; + ie)|Mxdy <4/32||W^||2^^, (A.33) 

J(RxS)^ 



by recalling (|2.2p . Further, arguing in the same way as in the derivation of (jA.29| . we deduce from 
CO2I) that 

/ l4';(x,y,i? + ie)pdxdy</32|5n|l^||2 a3(^), 

J(Rx5)2 
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where a3{d) is the constant defined in Lemma [2. II Now (c) follows from this, (jA.30[) and (jA.33|) . 
(d) & (e) In light of (lA.Bip we may write for every hi ^ Be and e e K, 

|cW(x,y,£; + ie) ~cW(x,y,iJ)|2 =/?2iy(x)2w^(y)2C^^)(x,y,ii; + ie), x,y e M x 5, (A.34) 
with, due to (|A.25I) . 

/ C^'^^(x,y,i? + i£)dx,dy, = ^ |dk,+K, yi, i? + ie)^, (A.35) 

■^^ K;e£-i-\{0} 

where we have set for each G £^\{0}, 

dk,+K,{xi,yi,E + ie) -.^ — , ■ n 71 — , — • (A.36) 

-ip[ki + Ke,E + ie) pi(ki+Ki,E) 

Let us decompose dk^+K^ (a^i, yi,E + ie) into the sum '^k^+Ke (^i' 2/1'-^ + i^): with 

, , g-p/(kj.+K^,£;+ie)|2:i-j/i| /-gipffXkf+K^.B+ie)!!;!-?^!! _ 2) 

+ - -ipi^, + K,,E + ie) ' 



-ip{ke + Ke,E + ie) 



dk,+K.(^i,yi,^ + i^) - [-ipik, + K,,E + ie) pjike + Ke,E))' 

and notice for every (kijKf) e {B^ x U (B]^ x (£^\{0})) and e G M, that we have 

pi{ke + K,,E) = \p{ke + Ki,E)\<pi{ke + Ki,E + ie)<pi{ke + Ki,E)+P-^) ' , (A.37) 



1 1 



from (12.81) . and consequently 

\p{k, + K,, + ie) - p(k, + K,, E)\ < (A.38) 

2p/(k^? + Ke,E) 

since (p(k^ + , + ie) -p(k£ + K^, £'))(p(k<; + K^, + ie) +p(k£ + K<>, £;)) = ie. Thus, by using that 
I sin u| < u for u > (resp. e^" — e"" < {v — u)e~" for v > u) in the estimation of ^k^+Kf i^i tUIt E + ie) 
(resp. o^ifj+Kf i^i^yii^ + deduce from (|A.37P - (|A.38P for every e, xi and in R, that 

Mk..K.(....i.+i.)i <e-(''-K^^-)i--i ( ^^(^:vK';,W + 2p,(k.+K.,i.)3 ) 1^1- (^-39) 

Fix xi in M. The series X]KfG£^\{o} Mkf+Kf(2^i,2/i,^' + ie)P is normally convergent for each yi G M. 
This comes from Lemma 12.11 and (|A.39I) . So we get that 

/ 4'^(x,y,i; + ie)dx,dy= V / |dk,+K, (a^i, yi, + ie)|'dyi < ^^^e^, 

75x(Rx5) K.e£^\{0}-^« 

from (TOSj) and (|X39]) . In light of (|X34)) - (r05l) . this yields 

||4^)(ii; + ie)-CW(ii;)|U5< k,eB^,eeM, (A.40) 
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where g := W||loo(jjx5)I|W^IIl2(k,l°=(<s)): by straightforward computations. Arguing in the same 
way, we get moreover that 

1/2 



\K^{E + ie)-&^^{E)\\Hs<( k, e S+ e e M. (A.41) 



Notice from (|2.10p - ()2.1ip that the picture is quite different for e B^. Indeed, in this case it holds 
true that p{}n,E) > by (|2.10p . and, for every e > 0, 

. p,.. , Ap(k,,£;)4 + e2)i/2+p(k^^^)2xi/2 

PR{ki,E±\e) = ±' 



V 2 

by (|2.8p - (|2.9p . As a consequence we have 

\p{\ii,E±ie)Tp{^t,E)\<£^'^, k, eS^, egR;. (A.42) 
Therefore, \c^\e ± ie,x,y) =F c|^°^ x, y)| being of the form (3W {:x.)W {y)\c\^i{E ± ie,xi,yi)|, with 

gip(kf ,E±ie)|2;i-i/i| _ gipR(kf ,E±ie)|2;i-yi 



Ckf(£'±ie,a;i,yi) = cjf^^ (-E ± ie, xi, yi), and 



Ck?(-^±i^'^i'yi) = 



-ip{\<H,E± ie) 



|.2S giPH(kj,-E±ie)la:i-ai| _ g±ip(kf,_E)|a:i-j/i 



^"^^ ' -ip(k,,£;±i£) 

4=^Vi?±ie,xi,yi) = e±ip(k.,iJ)|xi-yi 
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-ip(k^, E ± ie) -ip(kf , / ' 
we then derive from (|A.42P for every k^ e S^, e G Wj_ and x, y e M x 5, that 

l4°)(i?±i£,x,y)T4";(i?,x,y)| < Wx)W^(y) [2^/^\x, ~ y,\ + -^^^ 
Taking account of (|2.2I) . this entails 

by direct computations. Now the result follows immediately from this and (jA.40p - (jA.4ip . 

B Appendix B: LAP for //o(k^)? ^ B 

B.l Spectral decomposition and generalized Fourier coefficients 

For each (^, k^ ) eM. x B and e we introduce 

0(e,k, +K,;x) — 4T7^e'«"V(k, + K,;x,), x = x,) e K x 5, (B.43) 

where 

(^(k, + K,; X,) ^L.e'^i'^+K^'-') , x, e 5, (B.44) 
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then we define the generahzed Fourier coefficient of any u e H as 

u{^,'kg + Ke) := lim (mX^, + K£))l2((_x,x)x5) 



X 

rX 



= 7t4t72^1™ / c-«-^(u(a:i,.),¥'(k. + K,))L2(5)da;i. (B.45) 

For every G 6 fixed, the set {(/){£,, kg + K^), e C-^, ^ £ R} is a complete system of generalized 
eigenfunctions of HoCkg), in the sense that: 

(a) J^kf ■ u I— > (u(.,k£ + T^i))yifi^c^ is 9- unitary transform from % onto ®K(.e£-L L^(K); 

(b) f(m!kt))u{£„ k, + K,) = /(A(e, k, + K,))M(f, k, + K,) for any k,) e R x 6 and K, e and 
any borelian function / : R — > R, where we have set 

A(C,k, + K,) :=e' + |k£ + K,|2. (B.46) 
Notice from (a) that the following Parseval equality 

E / |w(?,kf + K,)pdC, k,eS, uG?^, (B.47) 

holds true, and from (b) that we have 



IT) n \ \ f "(C,k<; +K^)i>(g,k^ + K^) , ^„ 

(i?o(k£,2:)u,'y)H = 2^ / Aff k + K ) d^, e B, u,v e U, (B.48) 

for each z G C with Im (z) ^ 0. 

Actually (IB.48P is the starting point in the derivation of the LAP for ffo(k^)j G Se, stated in 
Proposition IB.ll Its proof relies on the following a priori Holder estimates of the generalized Fourier 
coefficients (|B.45P of suitably decreasing functions. 

Lemma B.l. Assume a > 1/2. Then, for every u G Ha :— {v G "H, (1 + xfY^^v G Ti}, it holds true 
that: 

(a) \u{^,'ki + K^)| < Co-|lw||-H^ for all (^,k^) G R x S and G where we have set '■— 

(h) For each a G [0, 1] H [0, cr — 1/2) there exists a constant c^^a > depending only on S, a and a, 
such that for all f , ^' G R, k^ G ;B and G , we have: 

\u{^, k, + K,) - uiCM + K,)i < ca,a\^ - 

Proof. The first claim follows readily from (IB.43P - (jB.45[) and the Cauchy-Schwarz inequality. Further, 
as ^ ^ 

_ ^ f A(e--i(*«+(i-*)«'))dt = ™i2;i(e-e') / e-'"i(*«+(i-*)«'Mt, 



/o dt 

we have |e~'^^i — e~'^ ^^j < |a;i||^ — ^'|, whence 

|e-if^i -e-'«'^i| < 2i-"|e-'«="i -e-'^'^^r < 2i-"|a;i|"|C - .^T, " G [0,1]- (B.49) 
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Moreover, since (e"'?^! - e-'«'"^i)u(x) = (1 + a;?)-'^/2(e~'«^i - e"'«'^i)(l + xlf^^uix.), it follows fror 
(|R49| that 



(e-i«^i -e-'«'^i)u(a;i,x^)da;] 



I 1 11/1: „.2^o■|_v„ \i2j„„ 
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Froni this and (jB.43l) - (|B.45|) then follows that 

k. + K.) - k. + K.)i < (/^ (t;^) ^'^ 1^ - hik. 

by integrating over S. This terminates the proof. □ 
B.2 LAP for G i3 

For every ki ^ B and a > 1/2, m h> u(0, k^) is a continuous linear form on Ha according to (|B.43p - (|B.45|) 
and Lemma iB.lT a). hence 

AfHM ~ {u E Ha, u{0, k,) - (2^)-i/2|5ri/2 / e-'<*'''"^>ii(x)dx = 0}, 

jRxS 

is a closed hyperplane of Ha- Hence we may not regard its (topological) dual set AfHaO^e)' as a 
subspace of "H^ = H-a, in the main result of Appendix B: 

Proposition B.l. Let E e (0,i?5) where (5 > 0. 

('aj for all ki e t/iere exists RoCk^jE) — Ro{k£,E ± iO) := lim^^o Ro{ki, E + ie) in the 3(71) 
norm sense. Ifki £ (resp. ki G B\Be) there is Ro{ki,EzLiO) :— lim^j^o ^o(kf , ± ie) in the 
B{'Ha,T~i-a) norm sense (resp. the i?(A/'Ho-(k^), A/'Ho-(k^)') norm sense) provided a > 1/2 (resp. 
a > I). 

(b) For all ki G B^ we have lime4.o £i?o(kf , ± ie) = in the B{H) norm sense. Ifki G B\B^ then 
for every u G H it holds true that limej^o sRo{ke, E ± ie)u — inH weakly. 

Proof. We prove the successively the claims (a) and (b). 

(a) For ki G B^, the result follows readily from the first resolvent formula, since a{Ho{ki)) = 
[|k£p,+oo). Therefore it is sufficient to examine the case kg G B\B^. We shall actually prove that 
the function z k->- _RQ(k^,z) is uniformly continuous in HK-e, for some appropriate compact neigh- 
borhood JCe of E in C, wher e ~ (C G C, ±Im(C) > 0}. To this purpose we fix u,w G H, set 
, ke + Ki) := ke + Kf)w(^, k^ + K^) for aU G and, with reference to ([RIG]) and (iBTIe]) . 
introduce the integrals 

h{£_,ke + Ki) . 
'^^^ A(g,k,+K,)-z ^^' ■ (^-^^^ 



Let JCe ■= {z G C, |Re (z) - £^1 < d and |Im (z) | < 1} where 

d := 



SEs/2 if k, G B\Be 

mm{{E - |k,|2)/4,5i;5/2) if k, G B^- 



We have |A(C, k^ + K^) - z\>2d for every ^ G M, G /:-^\{0} and z G /Cb by ([231), hence 

4d2 



Kfe£^\{0} 



^ (rK.(;^0-^K.(;^)) < z,z-G/C^, (B.51) 
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from (jB.47[) . Thus we are left with the task of examining the behaviour for z e n /C^ of 

^o(^) = 2^ 7-o,c(^) where rQ,c,{z) := / , . , . d^, ( = +,-■ 

We treat the the two cases e B]^ and S B\Be separately. 

1. We start with k^ € S^. Setting — '■— (E — |kfp)^/^, we introduce a function x € 

CHM+;[0,1]) verifying 

r 1 ifee[(eg-2d)i/2,(e2+2d)V2] 

^^^^ - \ if e e R+\((Cg - 3d) 1/2, (^2 + 3^)1/2)^ 

and decompose ro,^(2:), C = +, — , into the sum: 

(i-x(g))MCg,k,) ^^ x(e)MCe,k,) ,, 

Jo A(C,k£)-z 7o A(^,k£)-z 

:= a^(z) + bc(z). (B.52) 

Taking into account that — — |k(?P)| > d > for every ^ e supp(l — x) and 2; e /C_e, we deduce 
from (|R47)> that 

|ac(z')-acWI < ^-^'e-^B, C = +,-- (B.53) 

Further, the remaining term b^(z) is brought into the form 



bc(.)^/3^-^i^dAwhere,,(A):= 



2A1/2 



and / := (^Q ~ Bd, + Sd) , by performing the change of variable \ — ^va. the second integral of (|B.5ip . 
Bearing in mind that / is at distance c? > from 0, and then applying Lemma lB.lT b). we get that is 
Holder continuous in /. Namely, a being fixed in [0, 1] n (0,(T — 1/2), we may find a constant Ag > 0, 
independent of u and v, such that we have 

l5c(A')-.9c(A)| < A,|A'-Ar||u||„J|«||«„, A, A' el, C = +,-, 

It follows from this, the identities g(^{£,Q ± 3d) = 0, and the Plemelj-Privalov theorem (see |18) [Part 

1, Chap. 2, §22]) that is extendable to an a-Holder continuous function, also denoted by b^, in 

:= {z e C±, Re(z) e 7}: there exists c G C°((V"=^)2; M+) satisfying 

\bc{z')-bc{z)\<c{z,z')\z' -zn\u\\nj\v\\n^, z,z'&V^. (B.54) 
Now, putting ((R48)) and ((B30)) - ((B34)) together, we end up getting that 

\{{Ro{-ke, z') - i?o(k,, z))u, v)n\ < C\z' - zn|u||«J|«|j„„, z, z' eC^mCs, 
for some constant C independent of u and v, since n /C^; is a compact subset of V^. This yields 
||i?o(k,, z') - i?o(k,, 2)|l6(w„,w_) < C\z' - zr , z, z' e C^n /C^, 

hence the result. 

2. Let us now consider the case where kg e B\Be- We define 0,^ and b^ as in (|B.52p . where x € 
Ci{R+;[0,l]) satisfies 

/ 1 ifee[(0,(2d)V2] 
\ if eeM+\(0,(3d)i/2). 
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As — (z ~ E)\ > d > for every ^ e supp(l — x) and z G JCe by standard computations, it is easy to 
check that ((R5^ still holds true for jk^p = E. Similarly, we find that b^(z) = .gc(A)/(A - (z - E))A\ 
where / = (0, Sd) and g^(A) is unchanged. The next step of the proof involves choosing a e [0, 1] n (1/ 
2, cr — 1/2) and recalling that {t(0, ^) = -5(0, ^) = 0, in such a way that 

|/i(C(A)i/2,k,)| <<J|^|1^J|^;||^^A", AeM+, C = +,-, 

according to Lemma FB.ir b). From this then follows that ^ i— >■ (7c(^, k^), C = +, ^, can be extended to 
an (a — l/2)-H61dcr continuous function in /, verifying gQ{id) = 0. Arguing as before we thus get that 

||i?o(k£,z') - i?o(k/!,2;)||B(AAw„(k^),A^«„(kf)') < C\z' - e C± CMCe, 

for some constant C > 0, which yields the result. 

(b) The claim (b) is an immediate consequence of (a) for k^ € S^. If k^ e B\B^, the result follows 
from the dominated convergence theorem as we have limj_j.o e/i(^, kj»)/(A(^, kf) — E — ie) = for 
a.e. f e R, and \eh{^,ki)\/\X{^,ki) - E - ie)| < \h{^,ke)\ for aU e e M and a.e. C e R, with 
J^m,k,m<\\u\\n\\v\\n. □ 

Remark B.l. The result of Proposition \B.lY a) for k^ S Be can be recovered from the reasonning 
developped in ]TI[%4] (see also [8^, [22] and ',23]) but this would require that the estimate l|B.55[) in 
Lemma \B.2\ be generalized to the case of k^ € . The derivation of this particular result being quite 
tricky we prefer to apply the above method essentially based on the Plemelj-Privalov theorem, which is 
a very powerful tool in this framework. 

B.3 More on Ro(ke, z) for (k^, 2) G x C such that |Re {z) \ < |k^p 

In view of characterizing the rate of decay of guided states associated to k^ G Cg {E) in the direction 
orthogonal to xi (see Theorem 11.21 and the proof of Lemma [4.3^ . we need the following result about 
the resolvent of _ffo(kf) for k£ e B^: 

Lemma B.2. Let kg E B^ and z E C be such that |Re (z) | < |k^p and |Im (z) | < 1. Then i?o(kf , z)v E 
H2''^(R X S) H2(R X 5; (1 + xf^^'^dx.) for every v E ct > 0, and it holds true that 

ci\\v\\n„ < ||^o(kf,^;)w||H2.-(Rx5) < C2||v||w„, (B.55) 
where Ci > and C2 > are two constants independent of v and Im(z). 

Proof. Bearing in mind that the domain of Ho{ki) is a subset of II^(R x S) according to (|1.7p and that 
a{HQ{ki)) — [|kf +00), we may write 

Ik^niull^ < {Ho{ki)u,u)H = -{Au,u)n - ||Vw||^ < || Aii||„||ii||„, 

for every u E dom i7o(k^), from where we get that 

|k^||lu||„<||V7.||«<|k,ri|lAu|l„. (B.56) 

Next, setting e :— (|k£p — |Re (z) |)/(l + |kf > 0, in such a way that we have e — (l-£)|k£p — |Re (z) |, 
and then noticing from (jB.56P that 

WiHoiki) - z)u\\n > ||(i/o(k,)-Re(z))M||„ 

> e\\Au\\n + (1 - e)||Au||„ - |Re(z) \\\u\\n 

> £||A7.||„ + ((l-£)|k,|2-|Re(z)|)||M||«, 
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we find that \\{Ho{ke) — z)u\\n > e{\\Au\\-u + \\u\\-u)- This entails 

Ci||u||h2(ex5) < ll(-ffo(ki!) - z)u\\-H < C2||u||h2(ex5), u e dom HQ{ke), (B.57) 

for some constants Ci > and C2 > depending only on jk^j and |Re (z) |. Further, since 
dom Hoiki) for all u G dom HoCke), and |1u||h2,''(rx5) is equivalent to ||(1 + a;i)'^/^u||H2(Rx5), it follows 
from ((B37)) that ||m||h2.-(RxS) is equivalent to \\{Ha{ki) ~ z)(l + xly/^u\\-u. As \\{Ho{ke) - z){l + 
x\y^'^u\\-H is easily seen to be equivalent to ||(iJo(k^) ^ z)1'■\\H„^ we finally obtain the result from this 
by taking u — _Ro(k£, z)v. □ 

We now conclude Appendix B with the two following comments. 

(a) It is not hard to see that a LAP for Hq = J^. „HQ{ki), similar to the one stated in pQ, can 
be obtained from Proposition IB.ll and Lemma [B.21 by "integrating" the above results w.r.t. 
over B. The technical difficulty arising in this method when jk^j = E^^"^ is easily overcomed by 
the change of the integration variables into spherical coordinates, in a neighborhood of the 
sphere S{0,E^/^) c M x 5. 

(b) Furthermore, the results of Theorem 11.11 allow for the derivation of a LAP for the perturbed 
operator i?, under slightly less rectrictive conditions than in [Il]-[12] or [l^. Nevertheless, as 
already mentioned in the introduction, the proof of this result is left to the reader in order to avoid 
the inadequate expense of the size of this paper. 
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